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Introduction and examples
Evolving curves occur in a wide variety of settings and were also used to describe boundaries of volumes. This gave rise in shape description to the natural idea of active contours. This paradigm has received various mathematical interpretation ranging from meshes to level set methods. We aim to develop an algebraic and geometric interpretation of this paradigm in order to contribute with new models depending on a reduced number of parameters having a rich geometry and on which one can perform efficiently the usual CAD (Computer Aided Design) operations.
In the sequel we first give precise definitions and basic properties of ours semi-implicit surfaces and provide an algorithm to compute their implicit representation. Then we mention the approximation and interpolation problems of a point cloud by a semi-implicit surface, illustrating our approach on a piece of the classical example of Stanford's bunny. Finally, we provide formulae for computing the equation of the tangent plane together with the second fundamental form of a semi-implicit surface at a regular point, give an algorithm to compute the self-intersection and singularity locus of a semi-implicit surface, and describe resultant-based methods in order to solve intersection problems.
A semi-implicit representation of a surface consists in representing this surface as a parameterized family of implicit space curves. Actually all algebraic surfaces Ë in Ê ¿ can be seen as such a family of curves, i.e. admits a semiimplicit representation, by cutting it with planes of equations Þ Þ ¼ with Þ ¼ ¾ Ê. Similarly revolution surfaces can easily be seen "semi-implicitly". In classical geometry such a representation already appeared, for instance for conic surfaces [6] . Here is an example showing the rich geometry involved in these representations.
A linear family of conics is a surface obtained as the image of a regular map (without base points) 
Definition
An implicit representation of a surface Ë in È ¿ consists in viewing it as a closed subvariety of È ¿ , i.e. It is possible to give a similar definition of more general semi-implicit representations involving more than two equations (see [3] ). Passing from a semi-implicit representation to an implicit representation of Ë is a useful operation, especially for intersection algorithms. One can complete it as follows. Proof. This follows from standard properties of the Sylvester resultant. We refer the reader to [5, chap- 
£
Notice that in Ê ¿ one obtains all algebraic surfaces but with different degrees. However only rational surfaces may be parameterized (that is only surfaces with zero genus). Thus we can handle more general surfaces with semiimplicit representations than parameterized representations.
Point data approximation
Point data approximation is an important subject in CAD and has been extensively studied during the last 40 years. One particular class of methods attacks the problem by considering parallel slices of the object and then combining the individual reconstructions of each slice in the third direction. See e.g. [1, 7, 8] and references therein. In our settings, and dealing more with a representation problem than a reconstruction problem (we assume known some topological informations), this amounts to consider an approximate candidate surface in a linear semi-implicit representation defined by two equations in Ê ¿ ¢Ê ½ . One of an evolving plane À´Ü Ý Þ Øµ and one of an evolving surface ´Ü Ý Þ Øµ which will delimit a "moving contour" curve in that plane.
The approximation process requires to combine two successive marching algorithms. The first one amounts to define a curve in the dual space of planes in Ê ¿ giving a "good ondulation" to the planes À Ø which will contain the active contours. The second one proceeds by projection on such a À Ø¼ , for some discretised values of Ø ¾ Ê, of a near-by portion of the 3D-point cloud to give a 2D point cloud which is later approximated by a portion of an algebraic curve of low degree with a controlled typical shape. For complicated shapes, we do not pretend that this is an easy and convergent process. However, this paradigm leaves open the possibility of a fruitful compromise with a rich geometry between the rigidity (but good understanding) of algebraic geometry and the possibility to decompose a complicated object into a (small) number of well controlled patches.
As an application of this previous interpolation method we were interested in a semi-implicit representation of a rabbit ear given by a scattered data representation which consists of 927 points. This is a toy example which could be easily complicated, but this is not yet our current purpose. Cutting by equally distributed horizontal planes, we formed 20 sets of 45 co-planar points. The approximation of these 45 points in each "slice" by an algebraic curve implicitly represented is the more time-consuming step of the process. A way to perform it is to use a particular family of planar quartic curves, called binoids, whose real part is formed by a multiple point and an oval (the oval modelizes an active contour and the multiple point its skeleton following the general idea of Blum [2] ).
This conference sketch paper does not present achieved works and implementations for this difficult problem of point data approximation but a new framework and targets that we plan to develop further and discuss with researchers in the field. Efficiency will be addressed in future works.
Usual differential geometric invariants
Given a semi-implicitly represented surface, it is possible to compute at any regular point the usual differential geometric invariants such as the equation of the tangent plane, and thus the normal, or the second fundamental form, and thus the curvatures.
Let us do it for a surface Ë passing by the origin and represented by a family of plane curves parameterized by If Ô and are both zero, then Ä ½ and ½ should be proportional in order that the origin is non singular on Ë, in that case we keep either equation. The three coefficients of Ì define the coordinates of the normal of Ë at the origin.
The computation of the second fundamental form is more complicated. It amounts to compute an implicit equation of Ë near by the origin, truncated at orders greater than three. We take the Taylor expansions of Ä and at order 3 in Ü Ý Þ (we should not truncate also in Ø). Let us call them Ä ¾ and ¾ . They are two polynomials in Ü Ý Þ Ø. We use a resultant to eliminate Ø between Ä ¾ and ¾ and we get a polynomial ´Ü Ý Þµ in Ü Ý Þ whose degree depends on the degrees in Ø of Ä ¾ and ¾ . Then we compute a Taylor expansion at order 3 of at the origin and get a polynomial of degree 2 which writes Ì · É ½ , with É ½ a quadratic form in Ü Ý Þ. This provides a local equation of Ë at the origin.
Then it suffices to perform a change of coordinates (which preserves the metric), call the new coordinates, so that the previous local equation of Ë at the origin becomes · É´ µ ¼ , where É is a quadratic form. Finally the second fundamental form for Ë at the origin is simply É´ ¼µ.
Singularities and self-intersection points
An important problem in Computer Aided Geometric Design is the detection of singularities and self-intersection points of a 3D-surface. We describe a method to complete such a detection in case the considered surface is semiimplicitly represented.
Let Ë be a surface semi-implicitly represented by both polynomials ´Ü Ý Þ Û × Øµ and ´Ü Ý Þ Û × Øµ of respective bi-degree´ ½ ½ µ and´ ¾ ¾ µ. A given point Õ ¾ Ë È ¿ is a self-intersection point if there exist two dis- 
Intersecting a semi-implicit surface
We now investigate the intersection problems between different curves and surfaces. Our aim is to show that semi-implicit representations are well adapted to these operations. We illustrate it on the three main configurations, say the intersection between a semi-implicit surface and a parameterized curve, a parameterized surface and a semi-implicit surface. Hereafter Ë denotes a surface semi-implicitly represented by both polynomials ´Ü Ý Þ Û × Øµ and ´Ü Ý Þ Û × Øµ of respective bi-degree´ ½ ½ µ and´ ¾ ¾ µ.
With a parameterized space curve
Let ¼ ½ ¾ ¿ , be four homogeneous polynomials in both variables × Ø of the same degree , and let be the parameterized curve (we write here, for simplicity, the affine version of this parameterization, i.e. set Ø ½ and Û ½ ) ¼´Ø½ Ø¾µ we obtain a matrix Ê´Ø ½ Ø ¾ µ depending only on both variables Ø ½ and Ø ¾ . Its determinant defines a curve (implicitly represented) which is of degree ´ ½ ¾ · ¾ ½ µ, that is to say of lower degree than . This curve is a representation of the intersection curve since every point Ø ½ Ø ¾ such that Ê´Ø ½ Ø ¾ µ ¼ can be sent on by the parameterization of Ë ¼ . This method consisting of representing an intersection space curve by a birational plane curve is very useful in practice. It has been widely studied (see e.g. [4] and references therein) in the context of the intersection of two parameterized surfaces. We thus show here that we can also represent in this process one of the surface semi-implicitly instead of parametrically.
With a semi-implicit surface
In the case of the intersection of two semi-implicit surfaces we can, as in the previous paragraph, obtain a plane curve which is birational to the intersection curve. As previously, to do this we are going to use a resultant. However we need a more general resultant than the Sylvester one: we need a so-called Macaulay resultant for four homogeneous polynomials in four homogeneous variables [5, 
Conclusion
In this paper we presented new algebraic models for representing shapes together with efficient algorithms to compute their local differential geometric invariants, their singularity locus and their intersections. To represent a complex shape in our context we will decompose it into smaller parts. Each of these parts should be sliced in order to get a family of curves having similar shapes. There are at least two main next tasks : one is a detection/recovery problem, and the other one is to reconstruct a model from a set of such parts.
